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Abstract The method is considered of solving integral equations of Carleman type
on the pair of adjacent and disjoint segments. The problem is reduced to boundary
problem of Riemann with piecewise constant matrix and four and five singular
points. The solution is expressed via the solution of a differential equation of Fuchs
class in which it was possible to define all the parameters.
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In 1823, N. Abel considered and solved an integral equation
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which describes the movement of a material point by gravity in a vertical plane
along a curve. Abel integral equations

dt = f(x),x > a,
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arise when solving inverse problems in solid state physics (determining the potential
energy from the oscillation period or restoring the scattering field from the effective
glow in classical mechanics). Abel integral equation with constant limits
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/ </)()1 dt=f(x), O<a<l, a<x<b, €))
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it was decided by Carleman [1]. The unique solution to Eq. (1) is given by the
formula [2]
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Consider the integral equation of Carleman type

o (t)dt / o (t)dt
= 5 3
ﬁJx—ml+Lﬂx—m2 £ ) 3)

where o1, ap are given real numbers, 0 < o < 1, k = 1,2, o1 # op, in the
following two cases:

1. on a pair of adjacent segments L1 = [a1, a2], Ly = [a3, a3],
2. on a pair of disjoint segments L1 = [ay, b1], L2 = [a2, ba], b1 # aa.

The solution ¢ (z) of problems (2) will be sought in the class of functions
satisfying the Holder condition inside the segments and that are integrable at the
ends of segments, f (x) = fi (x),x € Ly, k = 1,2, are corresponding Holder
functions.

Solution of Eq.(3) in the case az = oo was constructed in [3] explicitly and
expressed in terms of hypergeometric functions. It was also noted here that when
az # oo solution of Eq. (3) is much more complicated.

Equation (3) is a generalization of the Carleman equation (2). Let us reduce the
integral equation (3) to the Riemann vector-matrix boundary value problem and
construct a solution of this equation in each of the two cases, using the results of
[4-T7].

We construct the solution of the integral equation (3) on a pair of adjacent

segments:
2 @ (t)dt B o (t)dt
/ = +/ PO _ ey, a<x<as. )
a a X = tl :

o
1 |-x_t|l 2 |

We write Eq. (4) in the form of a system of three equations

a2 t)dt a3 t)dt
/ @1 (1) +/ ¢2())a2=f1(x), a) <x <ap,

1 |x - tlal ) ([ — X
a az
@1 (1) dt / @2 (1) dt
= ) ) 5
/al (x — ™ + o Ix — t]*2 L&), aa<x<a3 (5)

@2 @ (t)dt G g (t)dt
oz1+ az:O, a < x < 0.
aj (X - t) a (-x - t)
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We introduce two new unknown functions

Ak+1 tdl‘
4>k<z>=/ pedr
W (=2

which are analytic in the complex plane z with the cut along the ray (a;, oo). Find
the limiting values of these functions on the banks of the section.
Foraj < x < ay we get ®F (x) = erion [* ¢Odl  raz ¢l here we

find ap (x—1)%1 x  (x=p)*1°
n
a Tiay g+ — as
o (1)dt eI (x) + P, (x) _ o (1)dt
/ a T 1 Tia : ’ CI);_ () =, (x) = %)
aj |-x_t| 1+e 1 ay (t_-x)
(6)

Similarly for a; < x < a3 we get

LB () = e M (x) =

:e—nial /02 (p(t) dt (7)

L =

/“3 p(ydt _ €MdF (x) + ) (x)

L =t 1 4 emiw

Foraz; <x < o>
O () =MD (x), DF (x) = e D) (x). (8)
Using formulas (6)—(8), we rewrite system (5) as boundary conditions for two

functions @ (z) and @, (z) [8-10]:

O (x) = ="M O] (x) — (L+ e ™) D (x) + (1L +e7™%) fi (x),
O (x)=®; (x), a <x <ay,

O (x) = e NPT (x), ar <x <as,
T (x) = —e TN (14 e772) O (x) — e 2D, (x) + (1 +e77%) fr (x),
+ — p2miay H—
{CDEF (x) efzmazq)lf (x), 43 < x < 0.
o) (x)=e D, (x),

So we have obtained the Riemann boundary value problem for the vector function
D (z) = (<I>1 (2), P, (Z)) with a piecewise constant matrix and four singular points
a, az, az, o0o:

O (x) = A ®™ () + Fr (x), ar <x <app1,k=1,2,3; a4 = o0, )

Al = <_e_0ma1 - (1 _|_1e—m'ot1)> , Fi(x)= ((1 + e_ﬂ(i)al) f (X)) ,
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e*ﬂial 0 0
A2 - (_enial (1 + efm'ozz) —e”iO‘Z) s FZ (X) - ((1 + efm'az) f2 (x)> s

e—2m'<x1 0 0
A3= ( 0 e_Zﬂi(XZ)’ F3 (x): (())

The solution of problems (9) will be sought in the class of functions that are bounded
as z — ag, k = 1,2, 3, and disappearing at infinity.

In order to solve the inhomogeneous boundary value problem (9), it is necessary
to construct a canonical matrix X (z) corresponding homogeneous boundary value
problem. The columns of the matrix X (z) consist of linearly independent solutions
of a homogeneous boundary problem

O (x) = A®™ (x), ar<x <axy1, k=1,2,3; a4=o00, (10)

and orders p1, p> first and second columns X (z) at infinity satisfy inequality p; <
p2. The matrix X (z) has the following properties [11]:

1. detX (z) #O0forVz #ar (k=1,2,3);
2. the columns of the matrix X (z) belong to the selected class of functions;
3. the order of the determinant X (z) is equal to the sum of the orders of its columns.

If the matrix X (z) multiply on the left by a constant nondegenerate second-order
upper triangular matrix 7', then the matrix X (z) T will also be canonical, since the
orders of the determinant and the columns of the matrix will not change.

The canonical matrix X (x) of homogeneous boundary value problem (10) is a
solution of a system of differential equations of Fuchs class with four singular points
ai, az,az, o0 [12]:

3
dX U
=X , 11
dz kZ: 7 — ag ( )
=1
moreover, differential matrices Uy like matrices W, = 271”. In Ak_lAlzl,k =

1,...,4,Ag = A4 = E. Matrices V; = Ak,lAfl, k =1,...,4, form a
monodromy group of a differential equation (11) [13-15].

Find differential matrices Uy systems (11) by the “logarithmization method of
matrix product” of the 2nd order [4].

Let Vi, V> be constant non-degenerate matrices of the 2nd order, V3 = V; Va.
Equality In (ViV2) = InV; + In V; is valid only for transitive matrices. Denote
by ak, Pk the characteristic numbers of matrices Vi and by px = 271“, Inag, o =

2}”. In By the characteristic numbers of matrices Wy = 271”. In Vi, k = 1, 2,3. Fix any
branches of logarithms pi, o1, p2, 02 so that |Re (ox — ox)| < 1,k = 1,2. Then
the branches of logarithms for p3, 03 should be consistent and selected from the

condition p; + a1 + p2 + 02 = p3 + 03.
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p3 0 quel milari
0 o3 uniquely accurate to a similarity
transformation using a diagonal matrix can be represented as the sum of two

matrices S = S1 + Sz, where Sy ~ Wy, k = 1, 2. The last equality can be written as

0 pro1—(p3—p2)(p3—02) (p3—pl)(03—01)—pzdzc
o3 — 03— 3 03—p3 +
p202—(p3—01)(03—p1) (03—p2)(03—02)—p10]

0 o3 c(03—p3) 03—p3

If p3 # 03, then the matrix § = (

12)

03—p3 03—p3
(p3—01)(03—p1)—p202  (03—p1)(03—01)—p202

p202+(p3—p1)(p3—01) p202—(p3—p1)(03—01) ¢
_I_
c(03—p3) 03—p3

where c is an arbitrary constant. If p3 = p1 + p2, 03 = 01 + 02, then matrices Vi,
V, are reduced by a single similarity transformation to a triangular form and simpler
matrix representations take place S:

p3 0\ _(p1c p2 —cC
(00’3>_<00'1)+<0 O'2>, (13)
(P30):<P10)+(/D2 0>' (14)
0 o3 c o] —C 02

Let V1, Va2, V3 be constant non-degenerate matrices of the 2nd order, V4 =
V1Va V3. Denote by a, pr the characteristic numbers of matrices Vi and by

Pk = 271”. Inog, o = 271”. In B the characteristic numbers of matrices Wy =

271“. InUi, k = 1,...,4, where the branches of logarithms satisfy the conditions

|Re (px —ox)| < 1 and

3

> (pk+01) = pa+ 0. (15)
k=1

If p4 # 04, then the matrix Wy is reduced to diagonal Jordan form § = (%4 0 )
04

Representation of the matrix § as the sum of three matrices S = S7+ 52 + S3, where
Sk ~ Wi, k =1, 2,3, we get from the formulas (12)-(14). We write the product of
matrices V1 - V, - V3 in the form of multiplication of two matrices as follows:

Vo=V - Vo - Va=V-(V2-V3)=V|-Vp3,
Vo=V - Vo - Va=(V-V3) - V3=Vp-Vs.

Therefore, we need to find the characteristic numbers «13, 812 and «23, B3
respectively matrices V2, Vo3 and numbers p1n = 271”. Inaqo, o120 = 271”. In B12,
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P23 = 2]11 ;Inans, 003 = 2711 ; In B23, whose branches are chosen from the conditions

p12+o12 = p1+o1+p2+02, [Re (p12 — 012)| < 1, p23+023 = p2+02+p3+03,
[Re (023 —o23)| < 1.

We write the matrices Vi, V2, V3, V4 monodromy groups of problem (10) and
their characteristic numbers A, ug. (k = 1, 4):

_ _em'al _ l_l_em'ozl
T )]

_ _em'oq +(1 +e7rioq 1+ em’az em’az 14+ efm'al
V2 = A1A21 == ( —37(”.0‘1 (1 +e)7'[(i0[2) ) (_eﬂi()[z )> )

» 1 0
V3 = A2A3 = (_eni(xl (1 + e—niaz) _eﬂiOlz) ’

Va= A3, A1 = ="y = 1;

_em(a1+a2); 3 —miey, Ay = e—2moz1,

A =—1,up = =1,u3=—e

s = e—2m'052

Next we find the numbers p = 271“. InAg, 0 < Redp < 1,0, = 271”. In pg, 0 <

Reoy < Lk =1,40<Rerx < 1,p1 =", 01 =0, pp = }, 00 = “FPH;

;3 =0,03= 1Jr;lz;,04 =l—an,o=1—anA=Y"7_, (o +0x) =4

The behavior of the solution of problem (9) at infinity determine the numbers
p=p4—1 = —1,0 =U4—2= —az—l,ifoq >a2andp =p4—2= —O(l—l,
o=o04—1=—op,ifa] < ay.

Numbers px, ok (k = 1,2, 3), p, o satisfy the Fuchs relation:

3

Skt +pto=1 (16)
k=1

The total index « and partial indices @1, &> of the problem (9) are respectively
equal @ = —A = —4, &) = & = —2, those problem (9) will be solvable if four
solvability conditions are satisfied.

We also find the characteristic numbers A12, (12 and A3, (23 of the matrices

1 eZm’otl 0
Vio=Vi-Va =4, = (_em'(ou—i-ozz) (1 _ e—ﬂiaz) _eﬂiaz) ’

i Tiay.
9

Ap=—e""' up =—e
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_ _enial _e27Ti012 1_’_67711'(11
V23=V2-V3=A1-A31=( ( )>’

0 e27rioz2
)\23 — _em'al’ w23 = eZm'ozz.
Branches of logarithms of numbers px x+1 = 271”. InAg k41 and ok k41 =

2]11 ; In g k+1 should be conditions

14+ ar 14+ar
pr2ton = p1to1+ptor =l+ar+ ) = pr=I1+a, op= )

14+ g 14+ g
023+023 = p2+02+p3+03 = 1402+ ) = p3= y o12 = 14+as.

Comparing formulas (15) and (16), we notice that p4 + 04 = 1 — p — o, those

pa=1—p,04 =—0,if a1 > a2,

ps=1—0,04 =—p,ifa; < ay.

Denote by S = —min(p, o) 0 = IHa 0 .
0 1 —max (p, o) 0 1+owm

Imagine the matrix S as the sum of three matrices using the representations (13)
and (14):

S=81+S+S5=58+53=3S12+S;, (17

where

1 1 1
Se~ InVi,Sio~ _ InVip, S5~ InVy3.S1+83=5 =
2i 27i 2mi

1+ay 14+ay
, ! C ) —c _ 1407 O s o
( 0 0)+< 0 a2~|—1> ( 0 l4a) 22T B=2 =

artl 0N (0 0\ _ (l+a 0
d —-a'" )T\ 0 1+w)

where ¢, d are arbitrary constants. From (17) it follows that

140y

Sz=S23—S3=S12_S1=< 2 1:§2>‘
d 2
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Since Sp ~ 2}”. In V,, thatdet S, = p>-02, or 1+2°“ . 1+2°‘2 +cd = é Hafaz =

c-d= _41;0‘1 - ap. Matrices Sy (k = 1, 2, 3) are differential matrices of system
(11), which takes the form
((1+a1)/20) ((1+a1)/2 —c )
dX 0 0 —aprop/de (1 4+ an) /2
_x N 1-a2/4c ( 2)/ .
dz zZ—a Z—ap

(et 1 v 2)
+ a1 -an/de (14+a2) /2

Z—as

; (18)

where c is an arbitrary constant.

Letbe X (z) = <” (&) 1 ()
v (2) v1 (2)
the following system of differential equations connecting the functions u (z) and

ui (z):

>. Substituting this matrix into Eq. (18), we obtain

1 1 1 1
u' = pi (Zfal +zfa2)u+d<zfa3 o zfaz)ul’
u’1=c< b1 )u+02< by 1 )u1

Z—aj Z—ap Z—as Z—as

19)

Functions v (z) and vj (z)are also solutions of the system (19). Express the
function from the first equation of system (19)

u_(Z—az)(Z—én) Y — 1 N 1 )u
' d (a3 —a2) Pl Z—a1 I—a

and substitute it into the second equation. We obtain a second-order differential
equation whose fundamental system of solutions are functions u (z)andv (z). This
is a differential equation of Fuchs class with four singular points a;, a2, a3, oo:

1 faj+l oy+ton ar—1 ’ 1 (21 +1) aytoaz+1
“ 2 (Z—“l tiawm T Z—“3)u ta ((Z*al)2 + (z—a2)? + (20)
4 et —ar D)zt —mr 2w+ (a1 —az)Ha—oat+haz ) |
(z—a1)(z—az)(z—a3)

In the neighborhood of each singular point a; (k = 1, 2, 3) Eq. (20) has 2 linearly
independent solutions, representable by series of the form

w @) = —a) Y e @—an”,
n=0
u (@) =(—a™ Yy d¥ z—a)", 1)

n=0
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whose coefficients are found directly from the recurrence relations after substituting
the series in the equation. The canonical matrix of the problem (9) in the neighbor-
hood of each singular point is given by the formula

1
X (@) U (2= @) (z = a3) |1 = a12+ z—1a1 + Z—laz Uk
Z — 9
1 1 1
vk (2 —a2) (z — az) vl/c - 0“2+ z—aj + z—ay ) Uk

k =1, 2, 3, where Dy are matrices transforming the matrices Vj to a Jordan form.
The solution of the boundary value problem (9) is found by the formula

d
d>(z)= X(z)Z/ [XT)]™ Fk(x)x_xzz

1 a2 _ d a3 _ d
=, X@ [/ X A +/ [XT] " B }
i a X —z a xX—2z

1 2

Considering that X* (x) = Ay X~ (x),ax < x < apy1,k = 1,2, 3, and
applying the Sokhotsky formulas, as well as formulas (6) and (7), we find the
integrals

/Hl f(t)dt —a (), k=12 (22)

ay
k | _t|

Reversing equations (22) using formulas (2), we obtain a unique solution to the
integral equation (4) when two matrix solvability conditions are satisfied

as

/dz [X* )] Fi () x*dx +/ Xt o] ' B @)xfdx =0k =1,2.

1 az
We now consider the Carleman integral equation on a pair disjoint segments.
by by
20 20
[ ar [© =@ xctabn b, ()

o]
1 |-x_t| 2 | |

where o1, ap are given real numbers, 0 < oy < 1,k = 1,2, 01 # ap, a1 < by <
ay < bz.
We introduce two new unknown functions

by
cbk(z):/ PO d k=12 g0 =g @), 1€ la b,
ay (I_Z)

which are analytic in the complex plane z with a cut along the ray (a;, o). Find the
limiting values of these functions on the banks of the section.
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For a; < x < b1 we get

+ *mi
@1 (x) — e Tl

X () dt /bl @ (1) dt
x (

o (x =)™ x—nH*’

where we find

s

/bl p)ydt MM Of (x) + O (x)

L= 1+ emi

b
@j(x):@?(x):/z @ (1) dt (24)

a (t - x)ﬂlz .

Similarly fora; < x < by we get

/@qunm _eMdT (x) + D) (x)

+ _27mioy gy— _
vt Lqporion o OT )= ()=

b
= ommian / o0 o)

L=

2

Forb; < x < a»
Of (x) = e NPT (x), DF (x) = D5 (x).
Forby < x < o0
Of (x) = NPT (x), @F (x) = e 2D (x).
We write the system of boundary conditions for two functions @ (z) and @, (z):

O (x) = ="M O] (x) — (L+ e ™) D (x) + (L 4+ ™) fi (x),
O (x) = @5 (x), a <x <by,

+ _ 2mia -

{@L(x)_e o (), b1 < x < as.
O, (x) =D, (x),

<I>;r x) = e’zﬂi“'de (x), ax<x <by,
DF (x) = —e M (1 4+ e7™2) @] (x) — e "2 D5 (x) + (1 + ™) fo (x),
df (x) = e NPT (x)

1 . 1 ’ b .

{ CD;_ (x) = 672711012(1)2— (x), <X <X
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So we have obtained the Riemann boundary value problem for the vector function
D (z) = (Cbl @), o, (z)) with a piecewise constant matrix and five singular points
ai, by, az, by, oo:

ST (x) = Ap®” () + Fr (x), xel, k=1,2,34 (26)

li € (a1,b1),1h € (b1,a2) , 13 € (a2, b2) , l4 € (b2, 00),

_efm'oq _ (1 _i_efm'oq) 672711'0:1 0
A == A =
= (7 )= (),
—mio —2miay
Fl(x)=<(1+e )f1(x)>’A3=< ) e 0 )

0 _ ,—Tmia (1 _I_e—m'az) _e—m'otz

e—2m'051 0 0
Ag = ( 0 eZm'otz) B3 (x) = ((1 + efm'az) b ()C)) ’

F2<x)=F4(x>=(g>,fk<x)=f<x), xelanbil, k=12

Find the characteristic numbers Ax, ux, k = 1,5, of the monodromy matrices

Vi = Ak_lAk_l, Ap = A5 = E and numbers p; = 271”. InAg, o = 271”. In g,
0 < Repr < 1,0 < Reoy < 1, and characteristic numbers and corresponding
logarithms of matrices V1 V;, V3Va, ViV Vi, VoV Vy:
Vi= Al_l, V= AlAz_l,M == ="My = po = 1
pr=p2=U+a1)/2,01 =00=0,
Vi=AcA;  Va=A3A A =da =1, 3 = g = —e %2,
p3=p4=0,p3=p4=(14+0x)/2,

Vs = Ag, ks = e 219 s = e ps =1 —ay,05 = | —as,
Vo=Vi-Va = Agl,m = pp=1,pn=a1, onp=1,
Vaig=V3-Va=A>- All,)»34 =1, w31 = ™2 pyy =1, o34 = a2,
Vis=Vi-Va- V3= A3_1, A2z = €N gy = —e T2,
p123 =1+a1,0123 = (1 + @2)/2,

Visg= Vo V3 V= A1A] " Mgaa = —e ™ pgag = 702,

p3a=1+a1)/2,0034 =1+ .
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The branches of the logarithms of monodromy matrix products are chosen from
the conditions

p12+o12=p1+o1+p2+02,p123+0123=p1+to1+pp2+02+ p3+ 03

etc.
The behavior of the solution of problem (26) at infinity determine the numbers

,0:,05—1=—a1,a=a5—2=—a2—1,ifa1 >a2and
p=p5—2=—051—1,0'=O’5—1=—(X2,if051 < o).

The numbers p,0x(k = 1,2, 3, 4),p,0 satisfy the Fuchs relation:

4
Z(Pk+0k)+,0+a=1-
k=1

The total index « and partial indices @1, ®; of the problem (9) are respectively equal
& = — Zzzl (pk + ox) = —4, ®] = ® = —2, those problem (24) has a unique
solution.

The canonical matrix X (x) of homogeneous boundary value problem

XTx)=A4rX (), xely, k=1,2,34,

is a solution of a system of differential equations of Fuchs class
dx oy
=xy 27

where U/(zjl”. InVi,k=1,...,4. Denote by

5= —min (p, o) 0 _(14+ao O
a 0 1 —max(p,0)) 0 1+

and imagine the matrix S as the three sums of matrices:
S =81+ 8234 = S123 + S4 = S12 + S34, (28)

where

1 1 1
Se~ . . InVi,Sip~ _ InVip, 834 ~ . InViy,
27 2mi 2mi

1 1
Soza~ . InVa34, S123~ _  InVip3.
2mi 27i



